Abstract. Using large-scale DFT calculations, we have investigated the structural and electronic properties of both armchair and zigzag graphdiyne nanotubes as a function of size. To provide insight in these properties, we present new detailed calculations of the structural relaxation energy, effective electron/hole mass, and size-scaling of the bandgap as a function of size and chirality using accurate screened-exchange DFT calculations. These calculations provide a systematic evaluation of the structural and electronic properties of the largest graphdiyne nanotubes to date -up to 1,296 atoms and 23,328 basis functions. Our calculations find that zigzag graphdiyne nanotubes (GDNTs) are structurally more stable compared to armchair GDNTs of the same size. Furthermore, these large-scale calculations allow us to present simple analytical formulae to guide future experimental efforts for estimating the fundamental bandgaps of these unique nanotubes as a function of chirality and diameter. While the bandgaps for both the armchair and zigzag GDNTs can be tuned as a function of size, the conductivity in each of these two different chiralities is markedly different. Zigzag GDNTs have wider valence and conduction bands and are expected to have a higher electron-and hole-mobility than their armchair counterparts.
I. Introduction
Carbon nanotubes and related allotropes continue to garner immense interest due to the unique electronic properties that naturally arise from their intrinsic one-dimensional nature. 1 Specifically, onedimensional nanosystems (such as nanowires and nanotubes) are the smallest dimensions that can be used for efficient transport of electrons and are, therefore, critical to the functionality of nanoscale devices. 2 Within the carbon nanotube family, these devices have included field effect transistors, [3] [4] [5] [6] [7] [8] actuators, 9, 10 nanotube films for flexible displays, 11 and nanotube hybrid solar panels. 12 In many of these devices, carbon nanotubes of a specific chirality (or a narrow range of chiralities possessing similar electronic properties)
are often required. Within a normal distribution of carbon nanotube chiralities, roughly one-third of nanotubes are metallic while the other two-thirds exhibit semi-conducting behavior. 13 Because of this wide variation in carbon nanotube chiralities, recent efforts have focused on other allotropes of carbon to achieve detailed control over their electronic properties and device functionality.
In recent years, much effort has focused on graphdiyne (cf. Fig. 1 ), which is a new allotrope of carbon composed of two acetylenic linkages (with sp-hybridized carbon atoms) between nearest-neighbor hexagonal rings (composed of sp 2 -hybridized carbons). Planar graphdiyne exhibits a high-temperature stability and semi-conducting properties comparable to silicon 14 and has been proposed for gas separation applications, 15 nanoscale devices, 16 photocatalysts for hydrogen production, 17 and hydrogen purification in syngas production. 18 In a relatively recent report, 19 the experimental synthesis and construction of graphdiyne nanotubes (GDNTs, see Fig. 2 ) were carried out for the very first time, and subsequent papers on other graphdiyne-based nanostructures have reported unique electronic properties, including charge mobilities as high as 2 × 10 5 cm 2 V -1 s -1 at room temperature. 20 However, to the best of our knowledge, a systematic study on the structural and electronic properties of GDNTs as a function of size and chirality has not been previously reported. To provide insight in these properties, we present a new, detailed investigation of the structural relaxation energy, effective electron/hole mass, and size-scaling of the bandgap as a function of size and chirality using accurate screened-exchange DFT calculations. These calculations provide a systematic evaluation of the structural and electronic properties of the largest graphdiyne nanotubes to date -up to 1,296 atoms and 23,328 basis functions. Furthermore these largescale calculations allow us to present simple analytical formulae to guide future experimental efforts for estimating the fundamental bandgaps of these unique nanotubes as a function of chirality and diameter as well as provide a detailed understanding of the size-scaling of structural and electronic properties. Finally,
we give a detailed analysis of all these effects for both the armchair and zigzag GDNTs and discuss the implications of these computed properties on electron/hole mobility and potential applications of these results. 
II. Structural Properties of Graphdiyne Nanotubes
Planar graphdiyne belongs to the p6mm space group, and its unit cell is defined by the two lattice vectors ⃑ 1 =̂ and ⃑ 2 = 2 (−̂+ √3 ), as shown in Fig. 3 . Any GDNT of arbitrary chirality can be generated by these two vectors through the chiral vector ⃑ ℎ = ⃑ 1 − ⃑ 2 , where | ⃑ ℎ | = ℎ ,
, and the tube diameter is given by = ℎ . The chiral angle as shown in Fig.   3 is defined by cos = 
III. Theory and Methodology
All calculations were carried out with a massively-parallelized version of the CRYSTAL14 program, 21 which has the capability of using both all-electron Gaussian-type orbitals and exact HartreeFock exchange within periodic boundary conditions. The latter is particularly important for obtaining accurate electronic properties for periodic systems since the incorporation of Hartree-Fock exchange can partially correct for electron-delocalization errors inherent to both LDA (local density approximation) and GGA (generalized gradient approximation) exchange-correlation functionals. For this reason, we utilized the range-separated HSE06 functional 22 for obtaining the electronic properties for both the graphdiyne sheet and all of the zigzag and armchair graphdiyne nanotubes. As opposed to range-separated hybrid DFT methods that incorporate a "full" range separation of 100% asymptotic Hartree-Fock exchange (typically used in isolated molecules [23] [24] [25] [26] [27] [28] ), the HSE06 functional incorporates a screened Hartree-Fock exchange that decays to zero. Most importantly, our previous studies 29 with the HSE06 functional in the CRYSTLA14 program has shown that it much more computationally efficient than conventional global hybrid functionals 30 and is significantly more accurate than conventional semi-local functionals. It is worth noting that although the HSE06 calculations are more efficient than conventional hybrid DFT methods, the calculations on some of the largest GDNTs were still extremely computationally intensive due to the immense size of these nanotubes. For example, the largest of these structures (specifically the (36,0) armchair GDNT), consists of 1,296 atoms and 23,328 basis functions and, as such, this study constitutes the largest systematic study of these nanostructures to date.
Geometries for all of the graphydiyne nanotubes were optimized using a large TZVP all-electron basis set 31 with one-dimensional periodic boundary conditions along the tube axis. At the optimized geometries, a final single-point HSE06 calculation was performed with 100 k points along the onedimensional Brillouin zone to obtain the electronic band structure for all of the nanotube geometries.
IV. Results and Discussion

A. Benchmark Calculations
Since a systematic study of the electronic properties of armchair and zigzag GDNTs has not been previously investigated, we first benchmarked our HSE06/TZVP results for the graphdiyne sheet against the high-level G0W0 (Green's function G and screened Coulomb interaction W) calculations by Luo et al.
which is consistent with experimental measurements of graphdiyne film. The band structure along highsymmetry points in the graphdiyne Brillouin zone (defined by the high-symmetry points Γ, X, and M in momentum space) obtained by our HSE06/TZVP calculations is shown in Fig. 4 . We obtain a direct bandgap of 1.26 eV at the Γ point, which is in relatively good agreement with the computationallyintensive G0W0 bandgap of 1.10 eV. The close agreement between our HSE06 results is in stark contrast to conventional PBE calculations which severely underestimate the bandgap by more than 50%, giving a value of 0.54 eV. As such, our benchmark calculations for the bandgap of planar graphdiyne demonstrate that our HSE06 calculations are reasonable for our parametric studies on the various GDNTs studied in this work. 
B. Structural Properties
To give deeper insight into the structural stability of all the nanotubes relative to the planar graphdiyne sheet, we calculated the relaxation energy, ΔE, given by
where Enanotube is the electronic energy of the geometry-optimized nanotube, Esheet is the electronic energy of the graphdiyne sheet, and n is the number of repeat units along the nanotube circumference (which also corresponds to the first chiral index for each (n,m) nanotube). Fig. 5 shows that ΔE decreases monotonically with size, and the stability becomes comparable to planar graphdiyne for GDNT diameters larger than 9 nm. To further test the structural stability of these nanostructures, we calculated the harmonic frequencies for the smallest (2,2) GDNT, which contains 72 atoms in its primitive unit cell (harmonic frequency calculations for other larger GDNTs were computationally out of reach due to their immense size; for example, the largest GDNT in this work contains up to 1,296 atoms and 23,328 basis functions).
At the optimized geometry, we obtained real-valued frequencies for all of the vibrational modes for the (2,2) GDNT (vibrational frequencies, symmetries, and infrared/Raman analysis for the (2,2) GDNT can be found in the Supporting Information) . Most importantly, since the (2,2) GDNT is the most strained nanotube in this study (cf. Fig. 5 ), our stability analysis also implies that the other larger, less-strained GDNTs are also structurally stable. We also tabulated the binding energy per atom for all GDNTs in Tables 1 and 2 using the expression
where N is the number of atoms in the nanotube, Enanotube is the electronic energy of the geometryoptimized nanotube, and Eatom is the total atomic energy of the carbon atom (in its ground triplet state).
Similar to the computed relaxation energies, the binding energy per atom decreases monotonically with diameter and becomes nearly constant for GDNT diameters larger than 9 nm. To compare the structural stabilities of these GDNTs against conventional nanostructures, we also calculated the binding energy per atom for a conventional (13,0) carbon nanotube which has a similar diameter to a (2,2) zigzag GDNT. At the HSE06/TZVP level of theory, we obtain a binding energy per atom of -7.9480 eV, which is 0.88 eV more stable than a similarly-sized (2,2) zigzag GDNT. It is also interesting to note that the zigzag GDNTs are structurally more stable compared to armchair GDNTs of the same size. This trend can be rationalized since the geometric structures of the armchair and zigzag GDNTs are topologically different. Specifically, all six of the acetylenic linkages (between the benzene rings) in armchair GDNTs straddle the circumference of the nanotube, whereas two of the acetylenic linkages in the zigzag GDNTs are oriented along the nanotube axis (cf. Fig. 2 ), which partially relieves these strain effects around the GDNT circumference. 
C. Electronic Properties
Figs. 6 and 7 plot the band structures of selected armchair and zigzag GDNTs, respectively, along the irreducible Brillouin zone (defined by the high-symmetry points Γ and X in momentum space). In all of the different chiralities, we find that the electronic band structures are characterized by a direct bandgap at the Γ point. We calculated the effective mass m * of the electrons and holes at the conduction band minimum and valence band maximum, respectively, using the expression
The positive sign is taken for the (electron) conduction band, and the negative sign corresponds to the (hole) valence band. Tables 1 and 2 give a summary of the various structural and electronic properties (radii, relaxation energies, binding energy per atom, effective electron mass, effective hole mass and bandgaps) of the armchair and zigzag GDNTs examined in this study. 
with R-squared fit values of 0.87 and 0.97, respectively (the slightly lower R-squared fit value for the armchair GDNTs arises from larger strain values compared to their zigzag GDNTs counterparts [cf. Fig.   5 ]). It is interesting to note that the last constant term in Eqs. (4) and (5) corresponds closely to the bandgap of the planar graphdiyne sheet; in other words, the constant term in Eqs. (4) and (5) yields the bandgap of a GDNT having an infinite diameter. Although we determined this constant as a free parameter in our fit, it is noteworthy to point out that we nearly recover the bandgap of planar graphdiyne calculated earlier in Section IV.A (we do not obtain the exact bandgap of planar graphdiyne due to relatively strong curvature effects that are still present in the larger GDNTs). zigzag GDNTs can be found in the Supporting Information). Specifically, the width of an electronic band reflects the orbital interactions along the nanotube axis, with wide bands denoting orbital delocalization and narrow bands corresponding to localization (small overlap). To corroborate these findings, we plotted the highest occupied crystal orbitals (HOCO) and lowest unoccupied crystal orbitals (LUCO) at the Γ point for both the armchair and zigzag GDNTs (using the same isosurface values for each). Fig. 9 shows that both the HOCO and LUCO in armchair GDNTs are localized on the acetylenic linkages along the circumference of the nanotube. In contrast, for zigzag GDNTs, the HOCO and LUCO are delocalized along the entire axis of zigzag and, therefore, both hole-and electron-transport are more facile in zigzag GDNTs compared to their armchair counterparts. While the bandgaps for both the armchair and zigzag
GDNTs can certainly be tuned as a function of size, the conductivity in each of these two different chiralities is markedly different. Zigzag GDNTs have wider valence and conduction bands (which are demonstrated by the orbital diagrams in Fig. 9 and the projected density of states plots in Fig. 10 ) and are, therefore, expected to have a higher conductivity than their armchair counterparts. As such, both the armchair and zigzag chiralities provide an additional intrinsic material property that can be used to modulate both hole-and electron-transport in photo-induced applications and processes. and (5,0) GDNT, the carbon p orbitals contribute a significant fraction of the total density of states.
Conclusion
Within this extensive theoretical study, we have systematically calculated the structural and electronic properties in a series of armchair and zigzag graphdiyne nanotubes via large-scale DFT calculations. Our calculations utilize the HSE06 functional (which gives accurate estimates of the bandgap compared to computationally expensive G0W0 calculations), and we present quantitative predictions of the structural relaxation energy, effective electron/hole mass, and size-scaling of the bandgap as a function of size and chirality. These calculations provide a systematic evaluation of the structural and electronic properties of the largest graphdiyne nanotubes to date (up to 1,296 atoms and 23,328 basis functions). To the best of our knowledge, a systematic study on the structural and electronic properties of GDNTs as a function of size and chirality has not been previously reported. Our calculations find that zigzag GDNTs are structurally more stable compared to armchair GDNTs of the same size. Furthermore, these large-scale calculations allow us to present simple analytical formulae to guide future experimental efforts for estimating the fundamental bandgaps of these unique nanotubes as a function of chirality and diameter.
While the bandgaps for both the armchair and zigzag GDNTs can be tuned as a function of size, the conductivity in each of these two different chiralities is markedly different. Both the HOCO and LUCO in armchair GDNTs are localized on the acetylenic linkages along the circumference of the nanotube. In contrast, the HOCO and LUCO are delocalized along the entire axis of zigzag GDNTs and, therefore, both hole-and electron-transport are more facile in zigzag GDNTs compared to their armchair counterparts.
Looking forward, it would be of immense interest to understand and predict the excited-state and optoelectronic properties of these GDNTs using first-principles theoretical methods. As planar graphdiyne has garnered very recent attention as a photocatalyst for hydrogen production, 17 the use of GDNTs would offer additional electronic properties that can be tailored for these photoelectrochemical processes. For example, the bandgaps of both the armchair and zigzag GDNTs can be tuned as a function of diameter and, therefore, can be used as photo-absorbers that span a wide range of the solar spectrum. Furthermore, since both hole-and electron-transport are qualitatively different in armchair and zigzag GDNTs, these nanomaterials provide a new opportunity for modulating both charge-and energy-transfer dynamics in these photocatalytic systems. 
